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Abstract By using the methods of operator theory, all boundedly solvable extensions
of minimal operator generated by first order functional differential-operator expression
in the Hilbert space of vector-functions on finite interval have been described. The
operator framework is also applied to the study of structure of spectrums of these
extensions. Applications of obtained results to the concrete models are illustrated.
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1 Introduction

It is known that the equation ‘é—’; = F(x), x = x(¢) with an operator F defined on a set
of absolutely continuous functions is called the functional differential equation (see
[1]). Many problems arising in biology, economy, control theory, electrodynamics,
chemistry, ecology, epidemiology, tumor growth, neural networks and etc. is reduced
the study of boundary value problems for functional differential equations for first and
second order in different functional spaces.

To the memory of eminent acad. F.G. Maksudov (1930-2000).

B4 Z. 1. Ismailov
zameddin.ismailov @ gmail.com

Department of Mathematics, Karadeniz Technical University, 61080 Trabzon, Turkey

Institute of Natural Sciences, Karadeniz Technical University, 61080 Trabzon, Turkey

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10910-015-0534-2&domain=pdf

2066 J Math Chem (2015) 53:2065-2077

The quantitative and qualitative theory of such equations have been studied in many
works (for example, see [1-6]). Functional differential equations arises in many areas
of science and technology. Solvability of such equations and connected problems it
is indisputable. It is known that many of mathematical problems in chemistry are
expressed by functional differential equations with auxiliary boundary conditions.
The problem in chemical reactions [7-9], chemical kinetics [10—13], in modelling of
problems in theory of genetic regulation [14] and etc. can be expressed by time-delay
functional differential equations. For example, the effect of a controlled delay on a
chemical oscillator is described by functional differential equations (see [8]). The
functional differential equations arising from the assumed mechanism together with
flow terms are in form

C = f(C) + ko(Co — C),

where f () is the kinetic rate law, the Cy is the in-flow concentration and kg is the
flow rate constant. Numerically solutions of above differential equation have been
investigated in [7].

Note that many fundamental laws of chemistry can be formulated by ordinary and
functional differential equations.

In this work, the operator theory framework, the boundedly solvability and spectrum
structure for wide class functional differential equations for first order in the Hilbert
space of vector-functions on finite interval. For example, such investigations for the
some retarded-type functional differential equations have been done in works [15-19].

The first work in area of extension of linear densely defined operator in a Hilbert
space belongs to von Neumann. In his paper [20] all the selfadjoint extensions of
the linear densely defined having equal and nonzero deficiency indexes symmetric
operator in any Hilbert space have been described. But in 1949 and 1952 Vishik the
boundedly (compact, regular and normal) invertible extensions of any unbounded lin-
ear operator in a Hilbert space have been established in works [21,22] and these results
by Otelbayev, Kokebaev and Shynybekov have been generalized to the nonlinear oper-
ators and complete additive Hausdorff topological spaces in abstract terms in works
[23,24]. Dezin [25] give a general methods for the description of regular extensions
for some classes of linear differential operators in the Hilbert space of vector-functions
at finite interval.

In 1985 by Pivtorak [26] and Ismailov [27] all solvable extensions of a minimal
operator generated by linear parabolic and hyperbolic type differential expressions for
first order with constant unbounded or continuously dependent selfadjoint operator
coefficients in Hilbert space of vector-functions at finite interval in terms of boundary
values were given, respectively.

In the studies discussed above the coefficients of differential expressions have been
taken for special classes of operators in corresponding functional space. Unfortunately,
in many cases representation of functional differential expression is not possible with
remarkable coefficient, then mentioned above methods are not applicable to the study
of these problems. On the other hand in noted above works spectral investigations
have not been done.
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Let us remember that an operator T : D(T) C H — H in Hilbert space H is
called boundedly solvable, if T is one-to-one, T D(T) = H and T-' e L(H).

In this work, in Sect. 2, by using methods of operator theory all boundedly by
solvable extensions of minimal operator generated by some functional differential-
operator expression for first order in the Hilbert space of vector-functions at a finite
interval have been described in terms of boundary values. Structure of the spectrums
of these extensions has been given in Sect. 3. Lastly, in Sect. 4 the obtained results
have been supported by applications.

2 Description of boundedly solvable extensions

In the Hilbert space L2(H, (0, 1)) of vector-functions consider a linear functional
differential-operator expression for first order in the form

) = /(1) + D Am (Ot (et = 2 ™) (0

m=1

where:

(1) H is a separable Hilbert space with inner product (, -, )y and norm || - ||;

(2) Foreachm, 1 <m < noperator-function A,,(*) : [0, 1] — L(H) is continuous
on the uniformly operator topology;

(3) Form=1,2,...,n,0<0, <1,0<X, <land0 < y,,, < 1.

On the other hand, the following simple differential expression will be considered

m(u) = u'(r) )
in the Hilbert space L2(H, (0, 1)) corresponding to (1).
By the standard way the minimal M and maximal M operators corresponding to
(2)Now define an operator P (¢ty, A, Ym) 10 L%(H, (0, 1)) in a form
Pam, Ay, ym)u(t) = u (ocm|t - )\ml”’") ,uel*H,0,1), m=1,2,....n

Then for u € L2(H, (0, 1)) and form = 1,2, ..., n it is obtained that

1
1P @y Ao V) U321 0.1y = / (et |t — A7) 117,
0

hm
= / et (ctm |t = A |7") I3t
0
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1
+/||u(am|t—)»m|ym) I1%,dt
Am
)Hn

= / o (tm o — O)Y) [13,dt
0

1
+/||u(am|t—xm|ym) I1%,dt

Am
1 %m(Am) ym
1 1 ym 2 l—ym
=—(— lu ol Zx " dx
Ym \%m

1o (L=Ap) "™

1 1 Ym 2 1=ym
(L / ()2 x " dx
0

U

1
<2 (1 )V'"n I7
<—\|— u
Vi \ ot L2(H.(0.1))

Soforeachm =1,2,...,n
P (@, s ym) € L(L*(H, (0, 1)))

and

[2 (1\7
Ym
| P(ctmy 2o, Yl < | — (_)
Ym \Um

Consequently, the operator

n
At 2, y) = D An(O)P @y dns Vim)

m=1

is a linear bounded operator in L2(H, (0, 1)).
Along of this work the following defined operators
Lo:=Mo+A(t;a, A7),

Lo : Wa(H. (0, 1)) C L*(H. (0, 1)) — L2(H. (0, 1))
L=M+Alt;a,r,y),
L:W;(H,(0,1)) c L>(H,(0,1)) - L*(H, (0, 1))
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will be called the minimal and maximal operators corresponding to differential expres-
sion (1) in L2(H, (0, 1)), respectively.

Now let U(t, s), t,s € [0, 1] be the family of evolution operators corresponding
to the homogeneous differential equation

L, ) f+AW o,k y)Uts)f =0, 15 €[0,1],
UG,s)f=Ff feH

The operator U (t, s), t,s € [0, 1] is a linear continuous, boundedly invertible in H
and

U=t s)=UC,1), s,t €[0, 1]

(for more detailed analysis of this concept see [28]).
Let us introduce the operator

Uz(t) .= U(t,0)z(t), U : L*(H, (0, 1)) — L*(H, (0, 1))

In this case it is easy to see that for the differentiable vector-function z €
LZ(H, (0, 1)), z: [0, 1] — H satisfies the following relation:

I(Uz) = (U2 (t) + At; 0,1, y) Uz(t)
=UZ@)+ WU +AEa, A, y)U)zt) = Um(z)

From this U~ '(Uz) = m(z). Hence it is clear that if L is some extension of the
minimal operator L, thatis Lo C L C L, then

U ''LoU=My, My CU'LU=Mc M, U'LU=M

For example, prove the validity of the last relation. It is known that

o1
D(Mo) = Wy(H, (0, 1)), D(M) = W, (H, (0, 1)),

Ifu € D(M), then [(Uz) = Um(z) € L*(H, (0, 1)) thatis Uu € D(L). From the
last relation M c U~'LU. Contrarily, if a vector-function u € D(L), then

mU ') = U 1(v) € L*(H, (0, 1)),
that is, U~'v € D(M). From last relation U"'L c MU, thatis U"'LU c M.

Hence, UT'LU = M.
It is easy to prove the following assertion.

Lemma 2.1 kerLo = {0} and R(Lo) # L*(H, (0, 1)).
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Theorem 2.1 Each solvable extension L of the minimal operator Ly in L%(H, (0, 1))
is generated by the functional differential-operator expression (1) and boundary con-
dition
(K + E)u(0) = KU(0, Du(1), 3)
where K € L(H) and E is an identity operator in H. The operator K is determined
uniquely by the extension LieL=Lg.
On the contrary, the restriction of the maximal operator Ly to the manifold of

vector-functions satisfies the condition (3) for some bounded operator K € L(H) is
a solvable extension of the minimal operator L in the L?(H, (0, 1)).

Proof Firstly, all solvable extensions M of the minimal operator My in L2(H ,(0, 1))
in terms of boundary values is described.
Consider the following so-called Cauchy extension M,

Mo =u'(t), u(0) =0,
M. :D(M.) = {u € W,(H, (0,1)) : u(0) =0} c L*(H, (0, 1)) = L*(H, (0, 1))

of the minimal operator M. It is clear that M. is a solvable extension of M and

t
M f @) = / F)dx, f € LA(H. (0. 1)),
0
M1 L*(H, (0, 1)) — L*(H, (0, 1))

Now assume that M is a solvable extension of the minimal operator Mo in
L?(H, (0, 1)). In this case it is known that the domain of M can be written in direct
sum in form

D(M) = D(Mo) & (M. + K)V.,

where V = kerM = H, K € L(H) [21,22]. Therefore for each u(z) € D(AZ) it is
true that

u(t) = ug(t) + M7 f + Kf,ugp € D(My), f € H
Thatis u(t) = uo(t) +tf + Kf,uo € D(Myp), f € H.Hence u(0) = Kf, u(l) =
f+Kf=(K+E)f.Henceu(0) = Kf, u(l) = f + Kf = (K + E) f and from
these relations it is obtained that

(K 4+ E)u(0) = Ku(l) 4)

Qn the other hand, uniqueness of operator K € L(H) follows from [21]. Therefore,
M = Mk . This completes the necessary part of this assertion.

@ Springer



J Math Chem (2015) 53:2065-2077 2071

On the contrary, if Mg is an operator generated by differential expression (2) and
boundary condition (4), then M is bounded, boundedly invertible and

Mg': LX(H, (0, 1) - L*(H, (0, 1),

t 1
M,;lf(t)=/f(x)dx+1(/f(x)dx, f e L*(H,(0,1)).
0 0

Consequently, all solvable extensions of the minimal operator M in L2(H, (0, 1)) is
generated by differential expression (2) and boundary condition (4) with any linear
bounded operator K.

Now consider the general case. For this in the L%(H, (0, 1)) introduce an operator
in the form

U : L*(H,(0,1)) — L*(H, (0, 1)), (Uz)(t) :=U(t,0)z(t),z € L*(H, (0, 1))

From the properties of the family of evolution operators U (¢, s), f, s € [0, 1] it is
implied that an operator U is linear bounded, has a bounded inverse and

U0 = UO,Dz().
On the other hand, from the relations
U'LoU =My, U'LU =M, U'LU =M 5)

it is implied that an operator U is a one-to-one between sets of solvable extensions of
minimal operators Lo and My in L*>(H, (0, 1)).

The extension L of the minimal operator L is solvable in L2%(H, (0, 1)) ifand only
if the operator M = U~'LU is an extension of the minimal My in L2(H, (0, 1)).
Then, u € D(L) if and only if

(K + EYU(0,0)u(0) = KU, Du(l),

that is, (K + E)u(0) = KU(0, 1)u(1). This proves the validity of the claims in the
theorem. O

Corollary 2.1 In particular the resolvent operator R,(Lg), A € p(Lk) of any
solvable extension L of the minimal operator Lo, generated by pantograph-type
functional differential expression

lw)=u'(t)+ADu(at), 0 <a <1

with boundary condition

(K + E)u(0) = KU (0, Du(1),

@ Springer



2072 J Math Chem (2015) 53:2065-2077

in L2(H, (0, 1)) is of the form

1

Ri(Lp) f(t) = U@, O(E + K(1 — EXP()»))_I)K/EXP()\(I — U, ) f(s)ds

0
t

—i—/exp()»(l —s)UQO,s) f(s)ds], [ € L*(H, (0, 1))
0

3 Spectrum of boundedly solvable extensions

In this section, the spectrum structure of solvable extensions of minimal operator L
in LZ(H, (0, 1)) will be investigated.
Firstly, prove the following fact.

Theorem 3.1 Ifz is a solvable extension of a minimal operator Ly and M=U"'LU
corresponds for the solvable extension of a minimal operator My, then the spectrum
of these extensions is true o (L) = o (M).

Proof Consider a problem to the spectrum for a solvable extension L g of a minimal
operator L( generated by functional differential-operator expression (1), that is

Lxu=iu+f, »eC, feL*H,©0,1))
From this it is obtained that
(Lk —AE)u=f
or (UMgU™" — AE)u = f.Hence UMy — A) (U 'u) = f.
Therefore, the validity of the theorem is clear.
Now prove the following result for the spectrum of solvable extension. O

Theorem 3.2 If Lx a solvable extension of the minimal operator L in the space
L%(H, (0, 1)), then spectrum of Lk has the form

u+1 n+1

|+i arg (—)—i—an’, uweo(K\0,—1}, ne Z]
"

J(LK)z[A e C:A=In|

Proof Firstly, the spectrum of the solvable extension Mg = U ! L ¢ U of the minimal
operator My in L?(H, (0, 1)) will be investigated.

Consequently, consider the following problem for the spectrum, that is, Mxu =
A+ foheC, feL?H,(0,1)). Then

u = iu+ f,
(K + E)yu(0) = Ku(l), LeC, f € LZ(H, 0,1)), K € L(H)
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It is clear that a general solution of the above differential equation in L?(H, (0, 1))
has the form

t

u;.(t) = exp(ar) fo +/6XP(?»(1 —s) f(s)ds, foe H

0
Therefore, from the boundary condition (K + E)u;(0) = Ku, (1) it is obtained that

1

(E 4 K(I —exp(1)) fo = K/eXp(l(l —8)) f(s)ds Q)

0
For A,;, = 2mmi, m € 7 from the last relation it is established that

1

fo(m) = K/exp(km(l — ) f(s)ds, m € Z

0

Consequently, in this case the resolvent operator of Mg is in the form

1
Ry, (M) £ (1) = Kexp(hm?) / expOom (1 — ) f(s)ds
0

t

+/exp(k(1 —s))f(s)ds, f e L*(H, (0,1)), m e Z
0

On the other hand, it is clear that R, , (Mk) € B((L*(H, (0, 1)), m € Z.
Now assume that A # 2mmi, m € Z, A € C. Then using the Eq. (6) we have

1
1 1
(K _ WE) fo= K / exp((1 — ) £ ($)ds,
0

foeH, feL*H,(0,1)

Therefore, for A € 0 (Mg) if and only if
: (K)
=—"—¢€o
H exp(a) — 1

In this case since u # 0

1
exp(h) = &, weao(K)and u # —1
"
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Then

u+1

An=In

1
' +iarg (&) +2nmwi, n € Z
n

Later on, using the last relation and Theorem 3.1 the validity of the claim in theorem
is proved. O

4 Applications

Example 4.1 Consider the following boundary value problem for the functional dif-
ferential equation in form

W'(t) =au(/),0<t<1,aeC0,1]
u(0) = ug

In order to solve this problem change the unknown function u(t) by
y(@) =u() —up, 0 <t <1
Then we have

[ Y (1) = a®)y(V1) + a(t)ug
y©0)=0

The last boundary value problem can be interpretated as the solution of functional
differential equation in Hilbert space L>(0, 1)

ILCy(t) =aug, 0 <t <1
y(0)=0

where L.y(t) = y'(t) — a(t)y(+/1). Hence solution of above Cauchy problem by
Corollary 2.1 can be analytically represented in the following form

t

¥(0) = L (ayug) = / U0, $)a(s)dsuo
0
Consequently,

'
u(t) = / U0, s)a(s)dsug +ug, 0 <t < 1.
0
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Here U (¢, s), t, s € [0, 1]is a family of evolution operators corresponding to problem

[%U(fss)f—a(t)PaU(t,s)f -0,
U(S,S)f:f’fe(c

with Puu(t) = u(+/1), Py :L*0,1) — L0, 1).

In general by Theorem 2.1 all boundedly solvable extensions Lj of the minimal
operator Lo generated by [(u) = u'(t) — a(t)u(/t), 0 <t < 1in L2(0, 1) are
described /( - ) with boundary condition

1
(k + 1)u(0) = kexp /a(s)Pads u(l), keC
0

In addition, the resolvent operator of these extensions is in the form

t

Ry.(Ly) f(1) = exp /a(s)Pads A4k —eH"Hk
0

1 K

/exp Al —5) —/a(x)Padx f(s)ds
0 0
t

+/exp )L(t—s)—/a(x)Padx f(s)ds |, )Le,o(Lk),feLz((), 1)
0 0

Moreover for k # 0, —1, k € C spectrum of this extension L is in the form,

k+1 k+1
o(Lk)z[ke@:k:ln‘%‘—i—iarg(%)+2nm’,neZ].

Example 4.2 All boundedly solvable extensions of minimal operator generated by
functional differential expression

oul(t,
l(“)=$+x2u(\/;,\/1—x), 0<t, x<1

in the Hilbert space L2((0, 1) x (0, 1)) are described by this /() and boundary con-
dition

(K + E)u(0,x) = KU(0, Du(1, x),
where K is 2 x 2-matrix and U (¢, 5), t, s € [0, 1] is an operator solution of equation

[%—l,](f,s)f—i-szleU(t,s)f =0, 15 €l0,1],
UG,s)f =f feC
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where Piu(t,x) = u(Vi,x), Pu(t,x) = u(t,/T—x), Pi, P» : L*((0,1) x
(0, 1)) = L2((0, 1) x (0, 1)).

Remark 4.3 In special case of «,, A,y and y,,, m = 1,2, ..., n the analogous prob-
lems considered in this work have been investigated in papers [29-31].

Acknowledgments The authors are grateful to G. Ismailov ( Undergraduate Student of Marmara Univer-
sity, Istanbul) for his helps in preparing process of English version of this paper and technical discussions.

References

1. N.V. Azbelev, V.P. Maksimov, L.F. Rakhmatullina, Introduction to the Theory of Functional Differential
Equations: Methods and Applications (Hindawi Publishing Corporation, Cairo, 2007)

2. J.K. Hale, S.M.V. Lunel, Introduction to Functional Differential Equations (Springer, Berlin, 1993)

3. T. Erneux, Applied Delay Differential Equations (Springer, Berlin, 2009)

4. H. Smith, An Introduction to Delay Differential Equations with Applications to the Life Sciences
(Springer, Berlin, 2011)

5. V.B.Kolmanovskii, A. Myshkis, Introduction to the Theory and Applications of Functional Differential
Equations (Springer Science and Business Media, New York, 1999)

6. V. Kolmanovskii, A. Myshkis, Applied Theory of Functional Differential Equations, Mathematics and
its Applications (Soviet Series) 85 (1992)

7. J. Weiner, EW. Schneider, K. Bar-Eli, Delayed-output-controlled chemical oscillations. J. Phys. Chem.
93,2704-2711 (1989)

8. T. Chevalier, A. Freund, J. Ross, The effects of a nonlinear delayed feedback on a chemical reaction.
J. Chem. Phys. 95, 308-316 (1991)

9. K. Bareli, R.M. Noyes, Gas-evolution oscillators, a model based on a delay equation. J. Phys. Chem.
96, 7664-7670 (1992)

10. I. Epstein, Y. Luo, Differential delay equation in chemical kinetics, nonlinear models: the cross-shaped
phase diagram and the oregonator. J. Chem. Phys. 95, 244-254 (1991)

11. LR. Epstein, Delay effects and differential delay equations in chemical-kinetics. Int. Rev. Phys. Chem.
11(1), 135-160 (1992)

12. N.A. Allen, Computational Software for Building Biochemical Reaction Network Models with Differ-
ential Equations, PhD Dissertation, Faculty of the Virginia Polytechnic Institute and State University,
(2005) 119 p

13. E.L.Haseltine, J].B. Rawlings, Approximate simulation of coupled fast and slow reactions for stochastic
chemical kinetics. J. Chem. Phys. 117(15), 6959-6969 (2002)

14. T. Tian, K. Burrage, P.M. Burrage, M. Carletti, Stochastic delayed differential equations for genetic
regulatory networks. J. Comput. Appl. Math. 205, 696-707 (2007)

15. J.K. Hale, Functional equations with infinite delayed. J. Math. Anal. Appl. 48, 276-283 (1974)

16. E.W. Kamen, An operator theory of linear functional differntial equations. J. Diff. Equat. 27, 274-297
(1978)

17. W.M. Ruess, The evolution operator approach to functional differential equations with delay. Proc.
Am. Math. Soc. 119(3), 783-791 (1993)

18. J. Mallet-Palet, R.D. Nussbaum, Tensor products, positive linear operators and delay differential equa-
tions. J. Dyn. Diff. Equat 25, 843-905 (2013)

19. V.G. Kurbatov, Functional Differential Operators and Equations, Mathematics and its Applications
473 (Springer, Berlin, 1999)

20. J. von Neumann, Allgemeine Eigenwerttheorie Hermitescher Funktionaloperatoren. Math. Ann. 102,
49-131 (1930)

21. M.L Vishik, On linear boundary problems for differential equations. Dokl. Akad. Nauk SSSR (N.S.)
65, 785-788 (1949)

22. M.L Vishik, On general boundary problems for elliptic differential equations. Am. Math. Soc. Transl.
11 24, 107-172 (1963)

23. B.K. Kokebaev, M. Otelbaev, A.N. Shynybekov, On questions of extension and restriction of operator.
Engl. Transl. Soviet Math. Dokl. 28(1), 259-262 (1983)

@ Springer



J Math Chem (2015) 53:2065-2077 2077

24.

25.

26.

27.

28.

29.

30.

31.

M. Otelbaev, A.N. Shynybekov, Well-posed problems of Bitsadze—Samarskii type. Engl. Transl. Soviet
Math. Dokl. 26(1), 157-161 (1983)

A.A. Dezin, General Problems in the Theory of Boundary Value Problems (Nauka, Moscow, 1980).
(in Russian)

N.I. Pivtorak, Solvable boundary value problems for an operator-differential equations for parabolic
type. Akad. Nauk Ukr. SSR Inst. Mat. Kiev 9, 104-107 (1985). (in Russian)

Z.1. Ismailov, Description of all regular operators(of solvable extensions) for first-order differential
equations in a Hilbert space. Engl. Transl. Ukr. Math. J. 37(4), 285-287 (1985)

S.G. Krein, Linear Differential Equations in Banach Spaces, Translations of Mathematical Mono-
graphs, 29 (American Mathematical Society, Providence, RI, 1971)

Z.1. Ismailov, P. Ipek, Spectrums of solvable pantograph differntial-operators for first order. Abstr.
Appl. Anal. 2014, 1-8 (2014)

Z.1.Ismailov, E.O. Cevik, B.O. Guler, P. Ipek, Structure of spectrum of solvable pantograph differential
operators for first order. AIP Conf. Proc. 1611, 89 (2014)

Z.1. Ismailov, P. Ipek, Structure of Spectrum of solvable delay differential operators for first order. J.
Anal. Num. Theory 1, 1-6 (2015)

@ Springer



	Solvability of first order functional differential operators
	Abstract
	1 Introduction
	2 Description of boundedly solvable extensions
	3 Spectrum of boundedly solvable extensions
	4 Applications
	Acknowledgments
	References




